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Abstract
The Dirac Hamiltonian in the 2+1 dimensional curved space-time has been studied with a metric
for an expanding de Sitter space-time which is a two sphere. The spectrum and the exact solutions
of the time dependent non-Hermitian and angle dependent Hamiltonians are obtained in terms of
the Jacobi and Romanovski polynomials. Hermitian equivalent of the Hamiltonian obtained from the
Dirac equation is discussed in the frame of pseudo-Hermiticity. Furthermore, pseudo-supersymmetric
quantum mechanical techniques are expanded to a curved Dirac Hamiltonian and a partner curved
Dirac Hamiltonian is generated. Using η-pseudo-Hermiticity, the intertwining operator connecting
the non-Hermitian Hamiltonians to the Hermitian counterparts is found. We have obtained a new
metric tensor related to the new Hamiltonian.
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1 Introduction
Two great achievements of the twentieth century, quantum mechanics and general relativity are very
successful in their own boundaries to describe the nature, however they are incompatible, for instance
they break down at extremely tiny distance which is Planck scale. In modern physics, the unified theory
of gravitation and quantum mechanics which plays a fundamental role with exactly solvable gravitational
field equations has always attracted considerable interest. On the other hand, experimental studies
have been performed for the gravitational effects in quantum theory; earth’s rotational effect on the
phase of the neutron wave function [1], experimental nano-diamond interferometry [2], quantum light
in coupled interferometers [3].In theoretical physics, interesting works including mathematical aspects of
the Dirac Hamiltonians with their spectrum has been investigated such as shifted energy levels of the
hydrogen atom in a region of curved space-time [4], modified super-symmetric harmonic oscillator on a
two dimensional gravitational field [10], exact solutions in a 2+1 dimensional contracting and expanding
curved space-time [6], singularities in 2 + 1 dimensional spacetime [7], Hawking radiation of particles
from a black hole [8]. Curved Dirac systems have also dynamical symmetries [9], considering the (2 + 1)
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dimensions SL(2, c) symmetries of the Dirac Hamiltonian have been studied [10]. In non-relativistic
domain, PT symmetric theories which are examining the non-Hermitian Hamiltonians with complex
potentials and real eigenvalues have been attracted much interest [11]. Here P and T are the parity and
time-reversal operators whose action on position wave functions ψ(x) can be shown by Pψ(x) = ψ(−x)
and T ψ(x) = ψ∗(x). More general concept of the Hermiticity is found as a generalization of the PT
symmetry which is called as pseudo-Hermiticity [12]. The real eigenvalues and corresponding eigen-states
of a non-Hermitian Hamiltonian associated with a symmetry such as the η-pseudo-Hermitian Hamiltonian.
It is shown that any inner product may be defined in terms of a metric operator η. Moreover, hydrogen
atom freely falling in a curved spacetime with the curvature effects on the spectrum is investigated [14]
and a general scalar product called as Parker product is defined for the Dirac equation in a curved
background. It is also shown that if the time dependence of the metric is not omitted, there occur a
violation of Hermiticity in the Dirac Hamiltonian [14]. Then, in the light of a weight operator in Parker
scalar product, a non-Hermitian Hamiltonian and its Hermiticity without omitting the time dependency
of the metric is discussed in [15]. The problem of non-uniqueness and Hermiticity of Hamiltonians using
the frame of pseudo-Hermitian Hamiltonian through the stationary gravitational fields and self-conjugacy
of Dirac Hamiltonians with some examples are examined in [16], [17].
On the further side of these discussions, generalization of the supersymmetric quantum mechanics,
i.e. pseudo-supersymmetric quantum mechanics and its effects in curved spacetime hasn’t been involved
in the literature to our knowledge. Intertwining operators linking non-Hermitian Dirac Hamiltonians and
Hermitian counterparts may give rise to a more general Dirac Hamiltonian chains. Accordingly we have
examined the Dirac equation in 2 + 1 dimensional universe with an induced metric in this paper. We
have given the real spectrum of the non-Hermitian Dirac Hamiltonian and corresponding solutions of time
dependent and angular parts. Moreover we have shown that a new non-Hermitian Dirac Hamiltonian
in curved space-time can be generated using the aspects of pseudo-supersymmetric quantum mechanics
and this may lead to another metric tensor which may be related to the generated Hamiltonian. This
paper is organized as follows; Section 2 is devoted to the Dirac equation in (2 + 1) curved space-time
and separation of variables, Section 3 involves the exact solutions and pseudo-supersymmetric quantum
mechanical applications are discussed in Section 4. Finally, we conclude the paper in Section 5.
2 Dirac equation
The generally covariant form of the Dirac equation is
iγµ(x)(∂µ + ieAµ − Γµ(x))Ψ(x) = MΨ(x) (1)
whereM is the mass and e is the charge of the particle, Aµ is the electromagnetic vector potential, Γµ(x)
is the spin connection, γµ(x) are the space-time dependent matrices. The spin connection relation is
defined by
Γµ(x) =
1
4
gλρ(e
a
ν,µe
ρ
a − Γρνµ)Sλν (2)
where Γρνµ is the Christoffel symbol. In [18], the induced metric which is the static form of the Euclidean
de Sitter space-time is given by
ds2 = ℓ2dτ2 − ℓ2 sinh2 τdθ2 − ℓ2 sinh2 τ sin2 θdφ2 (3)
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where τ ∈ [0,∞), φ ∈ [0, 2π) and θ ∈ [0, π), ℓ is the radius of the universe. The vierbein matrix has
become
eµa(x) =


1
ℓ 0 0
0 1ℓ sinh τ 0
0 0 1ℓ sinh τ sin θ

 , (4)
here µ labels the general space-time coordinate and a labels the local Lorentz space-time. The vierbein
field as the square root of the metric tensor is written as
gµν = eµae
ν
bη
ab, (5)
and
γµ(x) = eµa(x)γ
a (6)
where γa are constant matrices. Additionally, one can write
Sλν =
1
2
[γλ(x), γν(x)]. (7)
The fermions have only one spin polarization in (2 + 1) dimensions, then the Dirac matrices can be
expressed in terms of the Pauli spin matrices γi = (σ3, iσ1, iσ2) and they satisfy the anti-commutation
relation which is
{σi, σj} = 2ηijI2x2 (8)
where ηij is the (2 + 1) dimensional Minkowski space-time metric and I2x2 is the identity matrix. These
matrices can be chosen as γ0
†
= −γ0, γi† = γi. If we use (4)- (8), we arrive at
Γ0 = 0 (9)
Γ1 = −1
2
cosh τγ0γ1 (10)
Γ2 = −1
2
(cosh τ sin θγ0γ2 + cos θγ1γ2). (11)
Then, (1) becomes
(
γ0(∂τ + coth τ) + iMℓEˆ +
γ1
sinh τ
(∂θ +
1
2
cot θ) +
γ2
sinh τ sin θ
∂φ + ieℓA1(τ, θ)γ
1
)
Ψ = 0. (12)
It is noted that Ψ depends on (τ, θ, φ) with two components, Ψ =
(
ψ1
ψ2
)
. Thus, (12) turns into
(
∂
∂τ
+ coth τ + iMℓ
)
ψ1 +
i
sinh τ
(
∂
∂θ
+
cot θ
2
− i
sin θ
∂
∂φ
+ ieA1(τ, θ)
)
ψ2 = 0, (13)
−
(
∂
∂τ
+ coth τ − iMℓ
)
ψ2 +
i
sinh τ
(
∂
∂θ
+
cot θ
2
+
i
sin θ
∂
∂φ
+ ieA1(τ, θ)
)
ψ1 = 0. (14)
Applying the separation of variables process leads to
(
∂
∂τ
+ coth τ + iMℓ
)
T1(τ)− iω2
sinh τ
T2(τ) = 0, (15)
3
−
(
∂
∂τ
+ coth τ − iMℓ
)
T2(τ) +
iω1
sinh τ
T1(τ) = 0, (16)
and (
− ∂
∂θ
− cot θ
2
+
i
sin θ
∂
∂φ
− ieA1
)
Y2(θ, φ) = ω2Y1(θ, φ), (17)
(
∂
∂θ
+
cot θ
2
+
i
sin θ
∂
∂φ
+ ieA1
)
Y1(θ, φ) = ω1Y2(θ, φ). (18)
Here, ψ1 = T1(τ)Y1(θ, φ) and ψ2 = T2(τ)Y2(θ, φ) and Aθ(τ, θ) is chosen as Aθ(τ, θ) = sinh τA1(θ), ω1,2
are the separation constants. The angular part is defined as
(
Y1(θ, φ)
Y2(θ, φ)
)
= eimφ
(
Θ1(θ)
Θ2(θ)
)
, (19)
then we have (
− ∂
∂θ
− cot θ
2
− m
sin θ
− ieA1
)
Θ2 = ωΘ1 (20)
and (
∂
∂θ
+
cot θ
2
− m
sin θ
+ ieA1
)
Θ1 = ωΘ2. (21)
We have used ω1 = ω2 = ω. The first order angular and time dependent equations give us
−d
2Θ1(θ)
dθ2
+(−2ieA1−cot θ)dΘ1(θ)
dθ
+
(
(eA1 − i cot θ
2
)2 −m cot θ csc θ + (m2 + 1
2
) csc2 θ − ie∂A1
∂θ
)
Θ1(θ)(θ) = ω
2Θ1(θ)
(22)
and
−d
2Θ2(θ)
dθ2
+(−2ieAθ−cot θ)dΘ2(θ)
dθ
+
(
(eAθ − i cot θ
2
)2 +m cot θ csc θ + (m2 +
1
2
) csc2 θ − ie∂A1
∂θ
)
Θ2(θ)(θ) = ω
2Θ2(θ).
(23)
Hence, the time dependent equations are obtained as
d2T1(τ)
dτ2
+ 3 coth τ
dT1(τ)
dτ
+ (iℓM coth τ + (ω2 − 1) cschτ2 + ℓ2M2 + 2 coth τ2)T1(τ) = 0, (24)
and
d2T2(τ)
dτ2
+ 3 coth τ
dT2(τ)
dτ
+ (−iℓM coth τ + (ω2 − 1) cschτ2 + ℓ2M2 + 2 coth τ2)T2(τ) = 0. (25)
3 Exact Solutions
Let us see the bound states and corresponding solutions of the Dirac Hamiltonian.
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3.1 Solutions of angular part
In order to obtain a Schro¨dinger-like equation, we choose A1(θ) = i
cot θ
2e and use in (22) and (23), then
we get
V+(θ) = −m cot θ csc θ +m2 csc2 θ (26)
V−(θ) = m cot θ csc θ +m
2 csc2 θ (27)
where V1 and V2 are the functions of the Hamiltonians which are
h+Θ1 = ω
2Θ1 (28)
h−Θ2 = ω
2Θ2 (29)
and
h± = − d
2
dθ2
+ V±(θ). (30)
The partner Hamiltonians can be factorized as
h− = A
†A, h+ = AA
† (31)
A =
d
dθ
+W (θ), A† = − d
dθ
+W (θ). (32)
In our case super-potential W (θ) = B csc θ − A cot θ, A,B are constants and V±(θ) = W (θ)2 ∓ ∂θW . It
is known that (26) and (27) are shape invariant potentials when m → −m is used in (26), (27) can be
obtained. If the supersymmetry is unbroken, the ground-state of h+ has zero energy ω+,0 = 0 . The
energy eigenvalues of the partner Hamiltonians are connected by operators in (32). Thus we have,
ω+,n = ω−,n−1, n = 0, 1, ... (33)
The eigenfunctions are related by the operators as
Θ−,n−1 =
1√
ω+,n
AΘ+,n. (34)
In [20], the potential which is type (PI) given below
V+(θ) = −A2 + (A2 +B2 −A) csc θ2 −B(2A− 1) csc θ cot θ. (35)
The solutions are given in [20] for (35) which are
ω+,n = ω−,n−1 = ±
√
(A+ n)2 −A2 (36)
Θ+,n = Θ−,n = N(1− cos θ)
A−B
2 (1 + cos θ)
A+B
2 P (A−B−1/2;A+B+1/2)n (cos θ) (37)
where P
(b,c)
a (x) stand for the Jacobi polynomials. For our case,
A =
1 + 2m
2
, B =
1
2
. (38)
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The normalization constant N is given by
N =
2m+2
2n+m+ 2
Γ(n+m+ 3/2)Γ(n+ 3/2)
n!Γ(n+m+ 2)
. (39)
And the angular part solutions are
(
Y1(θ, φ)
Y2(θ, φ)
)
= eimφ
(
Θ−,n−1
Θ+,n
)
. (40)
3.2 Solutions of the time dependent part
Using a mapping that is
T1,2(τ) = cschτ
3
2 y1,2(τ) (41)
in (24) and (25), we get
− d
2y1
dτ2
+
(
1
4
− ℓ2M2 − iℓM coth τ − (ω2 + 1
4
) cschτ2
)
y1(τ) = 0 (42)
− d
2y2
dτ2
+
(
1
4
− ℓ2M2 + iℓM coth τ − (ω2 + 1
4
) cschτ2
)
y2(τ) = 0. (43)
Now we have z = i coth(iτ) (−∞ < τ <∞) in above equations, we get
− (1 + z2)d
2yk
dz2
− 2z dyk
dz
+ (− ℓ
2M2 − 1/4
1 + z2
+ ω2 +
1
4
+
ℓMǫz
1 + z2
)yk(z) = 0 (44)
where−∞ < z <∞ and we use a more compact form for equations (42) and (43) and ǫ =
{ −1, k = 1;
+1, k = 2.
.
Then, if we put yk(z) = (1 + z
2)−
1
4 y¯k(z) into (44), we obtain
− (1 + z2)d
2y¯k
dz2
− z dy¯k
dz
+ (− ℓ
2M2
1 + z2
+ ω2 +
ℓMǫz
1 + z2
)y¯k(z) = 0. (45)
If we give a polynomial solution which is given below
y¯k(z) = (z + i)
− 1
2
(A+iB)(z − i)− 12 (A−iB)P (z) (46)
where P (z) is the unknown polynomial and substituting (46) into (45), we get
(1 + z2)P
′′
(z) + (z(1− 2A)− 2B)P ′(z) + (A2 − ω2)P (z) = 0. (47)
Here A,B are constants and P (z) is the so-called Romanovski polynomials [21], [22], [23] which are
solutions of the differential equation given by
(1 + x2)
d2R(x)
dx2
+ (2bx+ a)
dR(x)
dx
− ν¯(ν¯ − 1 + 2b)R(x) = 0, −∞ < x <∞, (48)
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where ν¯ is a quantum number ν¯ = 0, 1, ... and R(x) = R
(a,b)
ν¯ (x) . Here, we note that the constants A,B
are given by
A =
1
16ℓMǫ
(−8ℓMǫ+ 4
√
2ℓ2M2
√
a1 − 1− 4ℓ2M2 +
√
2(1 + a1)
√
a1 − 1− 4ℓ2M2) (49)
B =
√
a1 − 1
8
− 1
2
ℓ2M2 (50)
a1 =
√
(1 + 4ℓ2M2)2 + 16ℓ2M2 (51)
(a, b) = (−2B, 1
2
−A). (52)
Then we have
y¯k,ν(z) = (z + i)
− 1
2
(A+iB)(z − i)− 12 (A−iB)R(a,b)ν¯ (z). (53)
We may give the normalization integral as
∫ ∞
−∞
(1 + z2)b−1ea arctan zR
(a,b)
ν¯′
(z)R
(a,b)
ν¯ (z)dz = δ
ν¯′
ν¯ . (54)
The solutions of (45) gives
A2 − ω2 = −ν¯(ν¯ − 1 + 2b) (55)
and from equations (55) and (36), one can also obtain
A2 + (m+
1
2
)2 − (m+ n+ 1
2
)2 + ν¯(ν¯ − 1 + 2b) = 0. (56)
According to (49) and (56), one can express ℓ as ℓν in terms of quantum numbers. From (56), we get
A = ν ±
√
n+ 2mn+ n2. (57)
If we compare (57) and (49), we have
n2 + 2mn+ n =
1
2
(58)
ν =
√
2
16ℓMǫ
√
a1 − 1− 4ℓ2M2(a1 + 1 + 4ℓ2M2). (59)
Using (59) one can find ℓ which is a function of ν.
4 Pseudo-Supersymmetry Framework
Following the fundamental aspects of pseudo-Hermitian quantum mechanics may lead to an outline for
understanding spectral aspects of the quantum system. In the light of pseudo-Hermitian generalization
of supersymmetric quantum mechanics, one can construct an unknown non-Hermitian Hamiltonian.
Definition 1: If H± are separable Hilbert spaces and an operator L : H+ → H− is defined and η± :
H± → H± be linear operators which are generally Hermitian and invertible. Then, the pseudo-adjoint of
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this operator L‡ : H− → H+ is equal to L‡ = η−1+ L†η−.
Definition 2: Let η± = η which belongs to H± = H. L is a pseudo-Hermitian operator if
L† = ηLη−1. (60)
Definition 3: η is an invertible operator which satisfies ηHη−1 = H†, H is called as pseudo-Hermitian
Hamiltonian [12]. The η representation of the Hamiltonian is
Hη = ηHη
−1 = H†η. (61)
It is noted that the wave function ψ is ψ = ηφ and satisfies the wave equation given below
Hφ = i
dφ
dt
, ~ = c = 1. (62)
And the scalar product reads
< ξ, φ >ρ=< ζ, ψ >=
∫
ξ†ρφ dτ, ρ = η2. (63)
In [17], the authors constructed unique and self-conjugate Dirac Hamiltonians in gravitational fields
using Schwinger gauge. They used an initial Hamiltonian and showed that the system of tetrad vectors
remained the same in the η representation. Then, η is defined by [17],
η = (−g) 14 (−g00) 14 (64)
where g00 is the time component of the metric tensor and g = det[gµν ]. Now following the pseudo-
supersymmetric aspects of the system, H is a linear and diagonalizable operator and Qi are linear op-
erators(called as supercharge operators), i, j = 1, 2, ..., N , τ is a grading operator defining the unitary
involution
τ†τ = ττ† = τ2 = 1. (65)
If N = 1, we have only one supercharge operator Q which satisfy the algebra [12]
Q2 = (Q‡)2 = 0, {Q,Q‡} = δjiH. (66)
According to the ordinary supersymmetric quantum mechanics, two component realization of the system
is
τ =
(
1 0
0 −1
)
, Q =
(
0 0
η 0
)
, H =
(
H+ 0
0 H−
)
, η =
(
η+ 0
0 η−
)
(67)
where H+ = L1L2 and H− = L2L1. In Ref.[19], an unknown non-Hermitian operator H+ is linked to the
adjoint of its pseudo-supersymmetric partner Hamiltonian H−, i.e.
ηH+ = H
†
−η. (68)
It is noted that H+ is diagonalizable system admitting a complete biorthonormal system of eigenvectors.
If η1, η2 are the intertwining operators such that
η1H+ = H−η1, η2H− = H
†
−η2. (69)
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It can be seen that operator H+ is η˜ = η
†η1 pseudo-Hermitian and H− is (η
†
2)
−1 pseudo-Hermitian,
η = η2η1 [19] where supercharge operators satisfy Q
‡ = η¯−1Q†η¯ and we give η¯ and H˜ instead of η and H
in (67) as
η¯ =
(
η˜ 0
0 (η†2)
−1
)
, H˜ =
(
H+ 0
0 H†−
)
. (70)
If H±(τ) are time dependent pseudo-Hermitian Hamiltonians, then we have
H
†
− = η2H−η
−1
2 + iη
−1
2
∂η2
∂τ
, (71)
H− = η1H+η
−1
1 + iη
−1
1
∂η1
∂τ
(72)
and
H+ = η
−1H+−η − iη−1
∂η
∂τ
. (73)
The adjoint of (73) may be put into equation (72), then one can obtain
η†η1H+ = H
†
+η
†η1 + i(
∂η†
∂τ
η1 − ∂η1
∂τ
η†). (74)
Using (1), let us introduce the Hamiltonian as,
H− = iMℓγ
0 − i coth τ − i γ
0γ1
sinh τ
∂θ − i γ
0γ1
sinh τ
cot θ
2
− i γ
0γ2
sinh τ sin θ
∂φ − ieℓA1(τ, θ)γ0γ1. (75)
Thus from (71) and (64), we get
H
†
− = iMℓγ
0 − i γ
0γ1
sinh τ
∂θ − i γ
0γ2
sinh τ sin θ
∂φ − ieℓA1(τ, θ)γ0γ1, (76)
and we note that
η2 = iℓ
3/2 sinh τ
√
sin θ, η−12
∂η2
∂τ
= coth τ. (77)
Let us introduce a form for the metric operator η1 as,
η1 = ℓ
2(sinh τ)a1(
√
sin θ)a2(
√
sinφ)a3 (78)
where a1, a2, a3 are real numbers. We may give the unknown Hamiltonian H+ as
H+ = iMℓγ
0− i γ
0γ1
sinh τ
∂θ − i γ
0γ2
sinh τ sin θ
∂φ− ieℓA1(τ, θ)γ0γ1+ γ0γ1f [τ, θ, φ] + γ0γ2g[τ, θ, φ] +U(τ) (79)
here f [τ, θ, φ], g[τ, θ, φ], U(τ) are the unknown functions. Now, both equation (72) and equation (73) lead
to the following expressions as
γ0γ1
(
1
2
i cot θ cschτ(1 + a2) + f(τ, θ, φ)
)
= 0, (80)
γ0γ2
(
ia3
2
cotφ csc θ cschτ + g(τ, θ, φ)
)
= 0, (81)
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U(τ) + i(a1 + 1) coth τ = 0. (82)
Choosing specific values such as a1 =
3
2 , a2 = 1, a3 = 1, we obtain
H+ = iMℓγ
0−i γ
0γ1
sinh τ
∂θ−i γ
0γ2
sinh τ sin θ
∂φ−ieℓA1(τ, θ)γ0γ1−iγ0γ1 cot θ cschτ−iγ0γ2 cotφ csc θ cschτ−5i
2
coth τ
(83)
And the metric operator is given by
η1 = ℓ
2(sinh τ)3/2
√
sin θ
√
sinφ = (−g1)1/4(−g001 )1/4. (84)
This also shows that there may be a metric tensor for the Hamiltonian (83) which is the partner of H−.
We remind the metric tensor and metric operator for the system H− is given by
gµν =

 ℓ
2 0 0
0 −ℓ2 sinh2 τ 0
0 0 −ℓ2 sinh2 τ sin2 θ

 , η2 = iℓ3/2 sinh τ√sin θ. (85)
Hence, we may obtain (g1)µν that may be the partner metric tensor of gµν as
(g1)µν =


−ℓ2 0 0 0
0 ℓ2 sinh2 τ 0 0
0 0 ℓ2 sinh2 τ sin2 θ 0
0 0 0 ℓ2 sinh2 τ sin2 φ

 . (86)
Here, the corresponding metric can be obtained as
ds2 = −ℓ2dτ2 + ℓ2 sinh2 τdθ2 + ℓ2 sinh2 τ sin2 θdφ2 + ℓ2 sinh2 τ sin2 φdχ2 (87)
and this is the metric of the four-dimensional world in hyper-spherical coordinates.
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5 Conclusions
The Dirac operator is considered in a three-dimensional gravity and decomposed into time dependent
and angular parts. After performing the separation of variables, the angular Dirac equation is reduced to
the Klein-Gordon- like partner Hamiltonians possessing shape invariant trigonometric potentials whose
real spectrum is given and solutions of the spinor wave-functions are written in terms of the Jacobi
polynomials. On the other hand, the time dependent part of the Dirac system (42) and (43) have a time
dependent potential function whose form is similar to the complex Eckart potential in the literature [25].
However, the function csch2τ has a wrong sign in our case so that we have used an appropriate mapping
to obtain a soluble hypergeometric differential equation and we have obtained the solutions in terms of
the Romanovski polynomials. At the end of the exact solutions, we have obtained a relation which is
a condition between the quantum numbers of the angular and time dependent parts and the system’s
parameters. The radius of the universe is given by ℓ and we have seen that this radius depends on ν
quantum number. Moreover, we have shown that a new (3 + 1) dimensional Hamiltonian H+ can be
obtained by means of the pseudo-supersymmetric procedure which means one can expand (2 + 1) Dirac
system to (3 + 1) dimensions. Because two partner Hamiltonians are pseudo-Hermitian, we have found
the metric operator η1 that links H±. We have also seen that another metric tensor for the partner
Hamiltonian H+ may be obtained using pseudo-supersymmetry. In our case, the metric operators η1 and
η2 are not differential operators. We have used an ansatze for the η1 metric operator, however, if there
is a symmetry in curved Dirac systems which gives metric operator without giving an ansatze can be
searched in the future works.
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